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Spontaneous emission from free electron laserrr

Mark J. Schmilt

Los Alamoa National Laboratory

MS F645, Los Alarrras, New Mexico 87545 USA

Characteria~ica of the fundamerrlal and harmonic emission from free-elrct.ron lurs (FELL) is exami]lrd in thr

,sponta’)eous emission regime. The radiation at both odd and eve,] harmonic frequencies is trer+lcd for clcc[run

beams wi~h finite emittance and energy spread. For wigglers with many wiggle period~, calculation of thr SE by

integrating an ensemble of electrons along their exact trajectorim becomrw exceedingly cunlhersome, Thrrefore, n

different technique is used in which the far-field radiation pattern of a single elcrtron is manipulated in transforn}

space to include the etTects of emittance. The effects of energy aprrad can be included by E weighted sum ovrr

the energy distribuliorr. The program execu~ion time for wigglers of arbilrary length is neg!lgiblc, TIIr transverse

radiation patterns including the transverse frequency dependcrrcea, arc given.

simulation codes is discussccf.

The interest ill harmonic radiation from frr=c elcctrcm lasers (FELs) IIM

IIow this rmliiilion is modclril in FEL

incr~rwd in prwt ft’w yrars f{)r srvrral

important reasons. TIIC IPWI ofapmr~aneous and collcrcllt-~pontulmu~ harmonic powi’r grnrrntrd during fUIIdaIIIr II.

tal Irrsing is of int~rcst from holh a mirror damagr Stnndpoint and in terms of thr usc of this rmliirt ion for dingl](wt icx

and external experimcntalimr Alhvit broadb~n(l in frcqurncy, apontanrwr~ emirwion is thr- doll]innnt rrdiati(~ll IIIrrlI-

anisnl at lhc highrr harmonics. This rndialimr divcrgr~ fw(cr thnn tlw rohcrrnt-nl)or)tsll(’()(1~ rruli~{ i(m mI(l can sufr!r

mgnilicml inlcr( ?plim Fmd rcflrclion frnnl lhc wigglrr vacuum tul)c wnll, IIR usc as nn nligrlnwn[ diagrl OHlir call also

IN= ilnlmrlnnt The prmliction of thr sponlnnvcm~ rrnission pnwrr ICVPIR for FEI* iH the Hlll)jrct of tills I]allfr,

In !%-tioc 2 thr mathcmnt icnl rrwdols for thr ~l)rmtanwmn emiwiiol) fronl n ~inglr rlrct r(m WI(I fr[~lll nl) (l){ in

electron t)~’~nl (including crnittancr cffwts) arc givrrl (~orllll~ltnliollal cxmllll~lrs llHing Illrsr rrlo~l(,ls hJl!IJws, Iitnv
,,.

spmrtanr’ous cmlssmll 18 rnodrkd in the prrwlll k’~[, codrw IH dlsruwwd ill Src[ioll 3, A ]~rvif drsrrij~li(m of ilrm t !Iw,
,.

mmlrls cnn bc u.wwl to cnlculnlr thr H~wmlanmmls emission frolrl elcr-lrorrlngrlrtic Wigglr’rs i~ givrw irl Srrlioll ,1. ‘1’11~1

collcluHioll~ ar(’ given irl !+ction 5.

K:lr-ctrorln rm(lialr spnntanr’uunly in n wiggler. Most uf thr radimlion is w)nl~illm] ill n ffmwnrl] ~llrcrlr,l c[,ur of

h~lf .=ingh- rru,/~. Thr frir Grl ! rmlintioll il)[r,]~ily for rI niljgh, ckclrou wrw nl]nlylirn]ly ,Irriv( i I)y ( ‘,,]sf,,,’ !II ]IIH

dt.rivnl,lc)ll ]Ir rorrrcl, ]y irlclu(lrd Al] lJrrrllH ul) 10 or(lrr ( 1/72), For R l)lnllr’-l~t}lllrlzl.(l wlg~lvr ofl[’11~111 I,ul :-”.N,, A,, ~111~1

l~rnk Irmgllrlic firld PI rrllgtll }1“,, drivm I)y RI) rkclroll Imnlll of cllrrgy 7JJIr 2, III(’ cllf,rgy rwlinlr$l I)y (;u II cll’rlr(lll

of cllnrgr q = --r lwr ullil noli(l arlglv and frt!qllrllcy Ijnlldwitltll in givcll l~y

– = “;r’::’ti(%)’(:)’[(:)2A’J+ 2$’(’’(’’1’)’’’”““J]d~/[1

(11llLJ
J

:1)

(?)

(,!)



(4)

and
IcIBWAW

au=—
2rmc2

(5)

(6)

is the normalized wiggler magnetic vector potentml, The radiation wavelength is J,, ~ is the harmonic number IUId
Jm(z) repreaente the Beaael function of the fir~t kind of order m. As depicled in Figure 1, it hae bern nmumcd Lhril

the wiggler Iierr along the z-axirr and the observation anglen O and # are formed by the interaction of the line of

observation, call it n, with the z-axia and the angle made by the intersection of the projection of n onto the z~-plane

with the z-axis, respectively. It should be noted that other derivations2’3 omit an axial phnse term, thereby obtaining

an erroneous azimuthally symmetric result, The harmonic radiation pattern demrihml in Eq.( I ) has multil.lo IOIWY
where the number of lobes is equal to the harmonic number. A cold electronbeam (zero energy oprcad and emittance)

haa a radiation pattern that is identical in shape to the mingle-electron pattrrn,
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‘rhroniy frqurncy drpmrdrnm in Hq ( 1) in in thr ~in2 uj /vj tr,lll, For A’u, > I, thin trrm i~ rdlnrl]ly pmdwd

nlmut VI = O, whine thr irrqurncy Iwronlrn

AN on-win ohnrrver (d + (!) nrrn thr frrq~mncy

(7)

(M)

w—=
w,, ~.

‘ ‘ (k)~oJ
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Figure 2. Relalion between the electron guiding center velocity, ~, it~ transverse drift speeds and the two rInglm of

rotation,

From Eq.(9) one sees that at the edge of the 70 = I cone, the frequrncy has changed by :oughly a factor of two It

should alao be noted that since the frequency depends only on 8 (and not ~), a specific frequency appears sp~lidly

ad a “frequency ring”.

Spontaneous emiaaion from an FEL ia composed of the radiation from all the r-lertron~ in the elrctrnn tmam

Since the elertron beam has a distribution of electrons in energy, space and transverse velocity, ROmC met.hod ~nust

be devised to take these distributions into arcount in order to obtain the correct spontaneous emission p~ttrrn for a

non-ideal electron beam. An a fir8t step wc can show that lhe apontnneouR cmimiion or an clrctron with a trnnsvcrsc

drift (with respect to the wiggler axh) in identical (to order I/y2) in hot.h intensity and frrqucncy to thr ~pontnncom

radiation pattrrn of the on-u~is electron. The only difJrrcnce @ thnt thr drifting elrctron’~ radintimr pa[~rrll iH

rotated by F,O + &O away fro,n the wiggler axis whrw P~o and DYO corrcnpond t{) the drift v~l~~itio~ ill tll~ ~ ~nd j

direction, rmpectively. The velocity of an electron in a ~itlu.widal wiggler fwld including trannvernc drift mot ion is

given by

()(

[Ir, ~ CIW k“, z + /l=o
v

/7. = o“, = $“0

)

(I(J)

P, ● ~j, – ~p=o con ku, z – ~ C(JH2kw z

whcrr

0,=1-+47:”/2

M given in App?ndix 11 of tcfrrvrrrr [4], Wr ran IIW a rotntion or c(mrdill~lrw to Hhf~w thnl to or~lrr 1/72, IIIF (Irlrl

Lrrnw trmlnfmlll nwny ‘1’hi~ rarl hr donr- hy firrnl prrf{)rlllillg n r(datioll in III(’ r z l~lnllf’ whrrv 1III* lrntl~ff)?llwtl

volocilim (dellf~tr(l hy 1) nrc ~ivcl) I)y

(1:1)



6 the complete transformation can now be wri~tenCombining the two transformations inLo one ,

()(

b;. Cme= O -sine=

)(

10 0

)( )

0,, ~
~.= o 1 0 (1 cos OW –sin ~v &

E, sin Of o cm e= O sin tJti cos ev P, e

(
cm e= - sin 0= sin Ov - sin 0= cosr9v

)( )

Pre
= o Cos e“ — sin fly Dye

sin e= cos d= sin fly CCMor cm e“ o 8e

Now, since the electron’s velocity is mainly in the i-direction, we can approximate

and

and denoting ~= = (aW/7) coa L,tiz and

the transformation equation becomes

()(P;, 1 – p:o/2

P’, =o
~y,

Lo

I + a~,/2 02
p, .1-—_ ~ CM 2kW Z271 471

(15)

16)

17)

(18)

where wr have krpt only terms up to mdor 0(1/~2) md sssumcd Ore, vo m 1/? AFI Ncn from Eq. (l fJ), IIlr drift Icrlrls

have been transformed awny leaving expremions idrntical to thow for an electron on axi~ ThPreffJrr, thr ra(liatl[)ll

and fmqurnry p~ltrrll of a drilling ●lcctroll in idcn~, icd to an on-axis rlcctron, wil.11 only n shift of III(J ptilll.rll hy
f~lo, (An rddit,ional amumpt ion ~W = ~~(1 + P~o/2) h~ alm I-mcrr mndc,)

With the prcvimw rrwult in Inind, wr= cmr poatulatc thal thr radialion pattcrll f.wnl an rnwllll~lo of rlrctr(ms i~

whrrr ,S iH tlw singlr-rlcctrrm radiation pal[.rrn atld z in lhr nxi~l obsrrvn lion pmnl, ]rl K{~,(20), gAIISSIRII f{i~l ril)lll iol)s

for I hr r+clrons’ Lrnrlnvrrsr s~~nli~l nnd vrlocity drprrldcnries !iavo I)r(’11 awunwd ‘1’lli~ rxprrssion rRn l~r IIIRIIIIIIIl II I*II
into thr fern!

,s(r’, ~’) = 3- I {r- 2B(?2+8~12)(k:+b;),~(kr,~v )
}

(21)

(’221

(’/!:1)



where again, the tilde reprtmentn the transformed quantity. Using Eqs. ( l)-(6) and (24) the spontaneous emission for
a single electron or an entire electron beam with a given energy spread and emittance can be obtained.

The previously d=cribed spontaneous emission model haa been incorporated into the code SP EM IT. A finite
eummation is performed providing an excellent approximation for !2q(2). After Eq(l) h- been calculated on an z-y
grid, an FFT routine is uned to obtain its Fourier trmmforrn. Multiplication by the angular divergence fartor i~ then
performed, afier which the FFT routine ia used to perform the inverse trwmform yielding the radiation pmttrrn for

the electron ensemble. An example of the code output b g;wen in Figure 3. Here the far-field oingl~elcctron rarlia[ion
pattern at the sixth harmonic b depicted for the 5.0 meter wiggkr on the Argonne Advanced Photon Sourm (APS).

Other parameter uoed for the simulation were: AW = 3.3cm, 7 = 13700., Bw =3788.0 Gausa, and 1 = 0.1 Amps,

The frequency dependence, m given in Eq.(7), is shown aa color variation over the plot, Note that the numhrr of
maxima is equal to the harmonic number,

‘JQ015

o~,x= 2.0/7 x/~

Sixth harmonic

Figurw 3. l%t of the ninglr-eh=ctron aprmtaneuu~
wigglrr. IJrrqurncy chmlp rwr drpictcd ill color.

enli~mn pattern at thr sixth harmonic for t Iw Argtlnllr A I’S



Afhw& O.l/nNw.
E~m,= 7.3xlo-’~m*rad ●{()%
c = ?.3x10-’ncm%ad

y,nm

Figure 4. Spatial plot of the sixth harmonic spontaneous en,iasion intensity for the Argonne
distribution of lrannverrw velocitim due to emittance haa smeared the single-elrrtron pattern,

APS wigglrr. ‘rhc

traveling al slightly ha than the elrctron ‘e axial speed. Variations in the elmtron current can t hrrrforl, Lr maplwd

into variations in the axial electron density in phaw npam. This Vnri,dion givrw rim to shot noise. This noiso is

dillkrcrrt from quantum noi~c which ariam due to the randon] temporal enliwion of photons hy each elr-ct ron insi[h,

the wi~lrr. Thirr analysb does not includr any quanlum noise dkts which otlwrs have shown 6 to he nrgligildc in

our rrgi me of irrlerml,

For our purpoarn we ran -urrw thr prmdm-mmtive wavelength ia equal [o thr optical firltl wavrlrngt h (higtl-7

approxiination), Ttw contrihutimr from rarh electron to tlw optical wavr c..n he nmdrhwl hy a m-m]plcx pllaww giww

hy’

t~ = U~ri*’ (’N,)

whcrr n, in the amplitudr of lhr pll~m rrpreacnting t}w ilh elrctron ([ii m q,/~, ) and ~, is its IIIIM4’, l~rm)l ing 1IN,

numhrr of clcctrlmn per optical wavrlcrlgth AH N,, tlw rcnullmnt ph~n b givrn hy

N.

f = ~fi, r’” (v’i)
i=l

wllrrr thr phnmr of f will drtrrnlinr how thr nlruromopic cptical vlcrt. rict’irhl iH llrivrn’. In thr cruw of A FII:I,, 111 is
. .

invrrwly prrprlmnal to thf- mdlvlduul rh’rtrml rvwrgy, ~1. We ruwurrw hrrr t hnt 1h{, olrct rtm I)rntll I.lwrgy Mljr(wll m

nttlnll, A-y/y < I such that Rll rlrrtrorlH lIIIVr rqunl arnplitudr.

‘1’hr rrrd and imaginnry pArh of I arr jud

(’.!7)

rlmdl, = im =-()



where the bar denotes the average value of coe @i. It follows trivially that

[[]=@[a]=o (29)

where the averaging procem should not be confused with the sum over i and we have used the facl that tii = &r, = G.

Evaluating the mcond moments we have

i=lj=l

and since the amplitude and phases are all independent of one anolher we can write

and ~imilarly for the sin terms, such th;kt

N. —

xa2= —,
2

i=l

For our cme, all vectors (electrons) h~vr earwntially equal arnplitudr (~i ~ yo, q, = –e) M-Ithat

For any random varimblr the variarlcc ig givcu by

=2=7 - ilz

ao that using IlIR(29), (03) and (34) the varirmce for the red part

N,~
u:=—

2

(30)

(31)

(32)

(33)

(:)1)

(or imnginary part) of 1 is given by

(:15)



Mathematically, this is accomplished by rotating each lattice vector by a small amount, 4r/Jk, so that, for each set of

electrons
N,,

L
‘\

t, = aei(v’+’o’) + O (37;

k=]

which can be approximated for small h@k =

where d~k is the initial phaae displacement of the kth electron. Assuming N, sets of electrons are modrlcd, the
resulta,lt phaaor (representing all the simulation electrons) is given by

I=lk=l

where the orientation between N, sets in phaae ia random. Using Eq.(36)

and letting the total number of simulation electrons, Nf = N,NP, givea

where we aaaumed CYI = a, is a constant.. This equation has the earnc

Therefore, we can uae Eqs.(32) and (34) to obtain

(39)

and defining ~lk = d’k + ~/2, this expression

(40)

(41)

form M Eq.(26) for the expt-rimrnta] (W

where o,, the amplitude of tlw simulation electron phnsor, h~ been rcplacerl hy thr numbr of ~xpcrimrllt al rlrr

it rrpresent~

“S=o(%)a%(fi)

(42)

tolls

(43)

in order 10 obtain the corrmt marro~copic currrnl.

Sinc~ both th~ rmd FEL and thr ey81ern morlcl contain IIIAny electrons, both of lhrir l~rol)~l)ilitv (Irllsi(v fIIIII

munt chy {;aunsiwr ~tatistire rM B con,wquencc of the central Iinlil thrnrrrl). Thrrrforr, wr WRIIt LO atljllst AtiH SIICII
-=

thnt thr nnrrw ~nmunt O( pow-r iR rsdii+ted for huth cmm

‘r. ot)tain irtrnlicrd ntalir41icn for lN)tlI lhr ?Xprli(ltrnt rkud flinmlal ion, wc r(ll’alr l}Ir varinllrrs f{)r Illr [w,) cum

Arl(l nolvr for hr/12, lIIC illil ial rills l~hmr tliHl)larrrnrllt. [JHing K(lR,(3b) an~l (42) givrfi

N, () 2Z
—=N, $ ~

2
(41)

(4!,)



For the harmonicx where N, ~ N,/j, N, A N~//, and ok ~ !vt the rms harmonic phase noise is given by

()

1/2

jb$rm, = + (46)

Thus, the standard deviation of the simulation electrons from their uniform positions should be much less than the

-m to x variation that exists when all the electrons are simulated. This insures that the simulation electric-field noise

in the forward direction will be equivalent to spontaneous emission in the experiment. Note that when simulating

the harmonic radiation, NP must be adjusted so thti! Eq.(36) holds for the harmonic of interest. This can easily be

accomplished by .Wting NP equal to twice the hurrrmnic number.

For multi-dimensional simulations, radial noise arizes in the transverse field profile due to the flllctuations in lhe

axial phase average(t) for diflerent transverse locations. The wavelength of the light being simulaLed determinm the

minimum structure eize of thae fluctuations. Thus, the transvem grid spacing should be roughly equal to the optical

wavelength for the proper radial averaging to take place. Coarser grid spacing would presumable over mtirnat.e this

lveraging thereby requiring a longer time for the Iwwr to start up.

A question often arizes reg=ding lhe noise observed ofl-wris from a set of electrons initialized uniformly on axis

(quiet). This picture is inconsistent with the way the electric field is calculated, i.e.

(47)

ao that the electric field

that transverse location.

propagator.

source at any transverse location depends only on the azial location of the elec[rons al

Additional otT-axis field contributions frGm diffraction are then calculated by the field

The normalized spectral intensity calculated using Eq. (45) in the one dimensional FEL code FELP is given

in Figure 5. This data was generated by averaging the spectral intensities from many passes thrrc:,y allowing the

simulation to be conducted with relatively few simulation electrons per p=~. The results reproduce thr sinzz/x2

behavior exhibited in Eq.(1). Parameters for the simulation were; AW = 1 cm, DW = 12000 ~auw, ~ = 370,

Ip,ak = 125 Amps. The electron beam WM uwumed to be cold so that the spectral fringm would be well drfinrd.

Using this model, calculation of the epect.ral Iineshapm for t.apcred wi~lrrs and/or electron beams with elnittimcc

and energy spread ia possible, Further three dimensional calculations (F ELEX) arc ~jlanned to compare thr angular

power spectrum with the analytical model

The models for spontaneous emission described ill Sections 2 arid 3 assumed wigglers constructed of magnr[ ic

materials. However, these models can also valid for FEL interactions where the wiggler consists of an elertromngnrtic

wave, provided some ~imple modifications arc made to the model, An electromagnetic wave colliding with rm clcctrm

beam produces a sinusoidal cmcillatior, of thr electron~ In the high gamma limit, this motion is idcnt iral (o that

induced hy a magnetic wiggler with

Aw = A,m/2 (48)

wh(.rc ,lW is ttrc magnrtic wigglrr prriod and A ~~ is the wnvrlrllglll of 111? optical wigglrr Iirl(l ‘ll]r RllalogIJIls

effective wiggler vector potrntial is given by

{

Pwlg(w’)h
aW = 8.6 X 10-6

2,
(4!))

where IJWIL i~ tlw oplicnl wigglrr powrr and z, is thr Itmylirgll rwlgr 0[ thr oll~ical Wigglrr fie!d in III(. illlcracti[)l)

rrgirm The rquivalrnt wigglrr nwignrtic Iifld, /f M,, ip givrn I)y

(50)
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Figure 5. Spectral intensity generated with electron phase jitter in the one dimensional FEL code FELP. The

intensity envelope is in excellent agreement with Eq. (1) for d = 0.

Several modifications 10 the Birnulation codes are required to properly model electromagnetic wigglers, The cost,

transverse dependence of a magnetic wiggler must be replaced with the gaussian dependence of an optical wiggler.

The spotsize of the optical wiggler must be judiciously chosen (e.g. some multinl~ or the electron be~-,m radius). A

thorough model would also include lhe gauseiarr amplitude and phme depender. f the tt, e opiical wiggler field.

The focusing effects uf the magne! ic wiggler must also be removed from the elec[ . G. ..quations of nlolion,

s. CONCLUSIONS

The ability to model spontaneous emission from FELs has been demonstrated. The models are three-dimensional

in nature and include the effects of energy spread and emitt.ante, The frequency lineshape of the spontaneous emission

gencralcd by eleclron beams with arbitrary emittancr and euergy spread in wigglers with tapered or unt aprrml prohlcs

can be obtained by using the electron noise model in the FEL simulation codes, With a few modifications the.sc

codes can also bc used to model the spontaneous emission from electromagnetic wigElers. Addilion work to rnodfl

spontaneous emission with th~ ~imulalion code FELEX is planned,
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